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Abstract

An analytical solution is presented for a robust four-layer porous model for the description of the LDL transport in the arterial wall
coupled with the transport in the lumen. The endothelium, intima, internal elastic lamina (IEL) and media are all treated as homogenous
porous media and modeled using volume-averaged porous media transport equations. The analytical solution is derived based on
consideration of primary transport in the lateral direction. The analytical results are found consistent with the numerical data for dif-
ferent physiological conditions. It is clear that the analytical solution offers a good estimation of the LDL transport in a straight

geometry.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Modeling of the macromolecular transport across the
arterial wall has received considerable attention in recent
years. Several macromolecular transport models have been
proposed in the literature. The simplest way is to model the
arterial wall by a set of simplified lumen-wall boundary
conditions [1-4]. This model, however, can not give any
prediction of macromolecular distribution across the wall.
A better approach is to model the arterial wall as a homo-
geneous porous monolayer [5,6]. This model couples the
transport of macromolecules in the lumen with their trans-
port across the arterial wall. A set of more realistic bound-
ary condition are applied at the wall-lumen interface by
mass balance. The most comprehensive models are multi-
layer models [7-15]. In these models, the arterial wall is
modeled as several different porous layers, i.e. endothe-
lium, intima, IEL, and media. The Staverman-Kedem-
Katchalsky membrane equations are used to model the
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macromolecular transport in the endothelium and IEL
layers.

Yang and Vafai [15] developed a robust multi-layer por-
ous model for the description of the mass transport in the
arterial wall coupled with the mass transport in the arterial
lumen. In this model, the endothelium, intima, IEL and
media layers of the artery are all treated as macroscopically
homogenous porous media and mathematically modeled
using proper types of the volume averaged porous media
equations, with the Staverman filtration and osmotic reflec-
tion coefficients employed to account for selective perme-
ability of each porous layer to certain solutes. In their
study, it is found that the LDL transport in the arterial wall
is one-dimensional when a straight circular geometry is
considered.

The main purpose of the present study is to derive an
analytical solution for the porous multi-layer model devel-
oped by Yang and Vafai based on the primary preferred
lateral transport. The analytical solution is found to be
consistent with the more comprehensive numerical results
for different physiological conditions. The good agreement
between the numerical and analytical solutions will lead the
way for a highly efficient methodology to quantitatively


mailto:vafai@engr.ucr.edu

498 N. Yang, K. Vafail International Journal of Heat and Mass Transfer 51 (2008) 497-505

Nomenclature

C dimensionless LDL concentration, & Vo reference filtration velocity [mm/s]

C ventitia dimensionless LDL concentration at the med- v dimensional radial velocity [mm/s]
ia—adventitia interface X dimensional axial coordinate [mm]

Cjtmen  dimensionless LDL concentration at the lumen
endothelium interface Greek symbols

Co reference inflow LDL concentration [nmol/ & porosity
mm?] U dynamic viscosity [g/(mm s)]

c dimensional LDL concentration [nmol/mm?] W effective dynamic viscosity of a medium [g/

c average LDL concentration (mm s)]

D diffusivity [mm?/s] T osmotic pressure

Da Darcy number, § 0 density [g/mm?]

K permeability [mn22] 04 Staverman osmotic reflection coefficient

k effective volumetric first-order reaction rate  of Staverman filtration reflection coefficient
coeflicient [1/s]

L longitudinal length of the artery [mm] Superscripts

Ly reference length [mm] f fluid

n normal direction * dimensionless parameter

Pe Peclet number, %

p hydraulic pressure Subscripts N

R radius of the arterial lumen [mm] adventitia adventitia

Re Reynolds number, 2Y0k e effective property

R, universal gas constant endo  endothelium

r dimensional radial coordinate [mm] IEL internal elastic lamina

T absolute temperature [K] nt Intima

t dimensional time [s] med  media

U, reference bulk inflow velocity [mm/s]

u dimensional axial velocity [mm/s] Other symbol

1% velocity vector [mm/s] () ‘local volume average’ of a quantity

analyze how the LDL transport through the arterial wall is % LV . Ve =DV (3)
related to the atherosclerosis. ot

2. Mathematical formulation

The arterial wall layers, i.e. endothelium, intima, IEL,
and media, are treated as macroscopically homogenous
porous media. The details of the model description are pre-
sented in [15]. The governing equations for each layer are
described as follows:

2.1. Lumen

The blood is modeled as an incompressible Newtonian
flow:

v
pa—t+pV-VV:—Vp+uV2V (1)
V-V=0 (2)

where V is the velocity vector, p the pressure, and p and p
are the density and dynamic viscosity of blood.
The mass transport equation in the lumen is:

where ¢ is the LDL concentration and D is the LDL diffu-
sivity within the blood.

2.1.1. Endothelium and internal elastic lamina

The endothelium and internal elastic lamina (IEL) are
considered as macroscopically homogenous porous media
and modeled as follows:

V-(r)=0 4)

: % +E (V) = V) + RTosV(c) + (T (V) (5)

—L 4 (1 —ae) (V) - V{c) = D.V*{c) (6)

where ¢ is the porosity, K the hydraulic permeability, ¢’ the
effective dynamic viscosity of the medium and D, is the
effective LDL diffusivity in the medium. The parameters
or and g4 are the Staverman filtration and osmotic reflec-
tion coefficients, respectively, 7' the absolute temperature
of the medium, and R, is the universal gas constant. The
symbol “()” denotes the local volume average of a quantity
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and the superscript f refers to the local volume average in-
side the fluid.

2.1.2. Intima and media
The governing equations for intima and media are pre-
sented as follows:

V-{(V)y=0 (7)
P 6<V> H o : 172

P+ 2V) ==V + WD) (8)
%Jr (1 =) (V) - V(c) = D.V*{e) + k(c) )

where k is the effective volumetric first-order reaction rate
coefficient. For these layers, the osmotic effect in the trans-
port is neglected when compared to the hydraulic pressure.
Note that from here on the symbol “()” indicating aver-
aged values will be dropped for simplicity.

3. Analytical solutions

Egs. (1)—(9) can be solved analytically if a straight pipe
geometry (Fig. 1) is considered. As cited by Yang and
Vafai [15], for a straight circular geometry, the filtration
velocity in the axial direction is much smaller than the fil-
tration velocity in the radial direction. As a result, the
LDL transport within the arterial wall can be assumed to
be independent of the axial direction. The osmotic effect
in the endothelium and IEL is negligible [15]. To further
simplify the problem, the effects of solid boundaries are
not included in the momentum equations for different por-
ous layers. It is also shown in [15] that pulsatile flows have
a negligible impact on the LDL transport within the arte-
rial wall for a straight circular geometry. This appears to
be mainly due to the damping effects of the arterial wall.
Therefore the transient effects are neglected in this work.
The hydraulic pressure at the lumen endothelium interface
is taken as 100 mmHg, which is fairly reasonable for the

dc
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present study [15]. With a proper species boundary condi-
tion applied at the lumen endothelium interface, Eqgs. (4)-
(9) are solved to obtain an analytical solution for the
LDL species distribution across the arterial wall.

Based on these assumptions, Egs. (4)—(9) can be simpli-
fied as:

Endothelium and Intima and IEL:

RelDa V== 2;7: (10)

(1 —af)v*g)i—];egj}g (11)

2—;]; =0 (12)
Media:

RelDa V== 2;)* (13)

(l—a/')v*g)izé%-i-% (14)

gz ~0 (15)

where the dimensionless parameters are defined as follows:

V'=— C=—; p=——; V="
Vo Co oVe Ly
VoL K VoL
Re="P"0 0. Da=—; Pe= 070 (16)
u Ly D

where v is the filtration velocity in the radial direction and y
is the coordinate along the radial direction. In the present
study the reference filtration velocity V, is chosen as
2.31 x 107> mm/s, which is consistent with the numerical
data in [15], and the reference length L, is chosen as the
thickness of the arterial wall, which is equal to 214 pm
[15]. It should be noted that the effect of curvature is

£ —00rc=0 orc/C,=001

on

p = 30mmHg
Adventitia
Media IEL
u=0 /_ u=0
v free 7 v free
e _ Intima % _y
on N on
\— Endothelium
u= Uo(l—(r/R)z)
v free R Lumen p = 100mmHg
c/Co=1 dc 0
w on
u Line of symmetry
L

v=0
ufree
dc

Z =0
on

Fig. 1. Schematic illustration of the geometric artery.
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negligible since the thickness of the arterial wall is small
when compared to the overall radius of the artery.

The boundary conditions for the momentum equations
at the lumen—endothelium and media—adventitia interfaces
are:

PO =0=p; PO =0=p (17)
where pj and p; are defined as

* P * y4)
P pV%) P, pV(2) (18)

where p, is chosen as 30 mmHg [15]. At the interfaces be-
tween the lumen, endothelium, intima, IEL and media con-
tinuity of velocity is applied.

The dimensionless concentration boundary condition at
the lumen endothelium interface is assumed to be

(y - 0) lumen (19)

The corresponding concentration boundary conditions at
the interface between the endothelium, intima, IEL and
media are the continuity of the species concentration and
total mass flux, which can be represented as

1 6C} 1 GC]

ﬁa—y* |:(1—Gf)UC——

1 - C — —
(1= ar)oC Pe 0y~

(20)
The concentration boundary conditions at the media—

adventitia interface are

oC
oy

=0 and C(H)y=1)=C/

adventitia

(1)

Egs. (10)—(16) are solved analytically subject to boundary
conditions (17)—(21) applied. The hydraulic resistance for
each layer can be written as
— L*
~ ReDa
The filtration velocity through the arterial wall can be pre-

dicted in terms of the hydraulic driving force, pressure dif-
ference, and the total hydraulic resistance, as

(22)

. P — D
U= ; : : (23)
(ﬁ) endo + (RjDa) intima + (lﬁ)IEL + (RjDa) media
where L* is the dimensionless thickness of each of the por-
ous layers.
The mass transport equations of the endothelium,
intima, IEL and media can be readily obtained as

C(y*) = c1e" + ™ (24)

where ¢; and ¢, are constant. For the endothelium, intima
and IEL, 4; and 4, can be expressed as

=Pe(l1—d )"y 1, =0 (25)

For the media, 4, and 1, are given as

_ 4kLyPe

Pe(1— o/ )v" & \/(Pe(1 — o )v*)* — *22
(’Ilvz)media = \/ 2 (26)

Applying boundary conditions (19)—(21) to Eq. (24) results:

endo endo +
S + C‘]umen (27)
CTndoeAl e“du +Cendo _cllme/] Lendo _|_Cmt (28)
* end end end end end e“dL
0" (1 —af™)(c§ % Lena 4 c5M) — Do €1 A
(1 _O_ml)(cmle/] Ltnd _,’_Cmt)
mt;bmle/1 ‘L:nd (29)
P int 1
SIEL
Cllme/ (Le“d +Li ) +Cmt CIIELC/" (Lypg L) +CIEL (30)
1
(1 _ O_mt)(cmte 1 (Lcnd+Lml) +Cmt) mt/lmt (LderL‘m)
Pe int €
[EL
= (1— IEL)( TEL oA (L H) - CIEL)
1 JEL (e i ps
- lﬁECIEL)IELe"' i) (31)
Pe
IEL /] (Lmd+L +LIEL +CIEL
= mEde T (L i i) +cmed A (L iy L) (32)
(1 70_}EL)(611EL6 (L L L) +lEL)
1
P i ]EL)LIEL i HheL) — v*(1 7O.med)(c?1ede/ i)
d .
+szede (LenerL“,“JrL”;I )) . ( med;mcd (s Le L)
e
d
4 Encd imed AL, d+Lml+LI*EL)) (33)
med/lmed amed (e ALE L+ med)+C2med/1r2n6de/ AL gL AL+ L) — )

(34)

where subscripts “lumen”, ‘“endo”, “int”, “IEL” and
“med” refer to the lumen, endothelium, intima, IEL, and
media respectively. Eq. (34) is derived based on the bound-

ary condition, gf =0, applied at the media-adventitia
interface.

Eqgs. (27)—(34) can be rearranged in a matrix form as
AC =B (35)

where matrix 4 and vectors B and C are:

Ay Ap O 0 0 0 0 0
Ay An Ayn Aw 0 0 0 0
Ayx An Ay Axw 0 0 0 0
4o 0 0 Ay Au Ass Ass 0 O
0 0 As3s Ass Ass Ass 00
0 0 0 0 Ags Ag Ag Aes
0 0 0 0 Ay A A Ass
L 0 0 0 0 0 0 Agy Ags ]
[ e ] [ Chumen |
csnd 0
e 0
cint 0
C= c{ZEL B=1| (36)
CIEL 0
gmedia 0
| cpedia | o0 |
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and the elements of the matrix 4 are given as follows:

An=1; Ap=1
end * mt *
Ay = ety Ay =1; Ay = —eM lea; Ay = —1
* end send 1 end /e"dL*
A1 =v (] )e 1 tend — eend e’ d;
* endy .
A32 =0 (1 — O¢ ),
_ * 1nt Jintpx sint /‘"‘L* .
A33 = —(U (1 — )e 1 Zend _Peim A€t ),
* int
A34 = =0 (1 O¢ )
A43 = e (Lend+Lml) A44 = 17
A45 = —e (Lend+l‘m() A46 = —1
A = U*(l mt)e 1 (L* d+L1m) — ;\’lm' }lm( d+Lml)
53 Pe oint 1

A54 = U*(l O'lfm),

IEL 7+ « 1 JIEL 7+ .
dss = —(0" (1 — o) (M o) — L jreL g o)),
PelEL
_ * IEL
Asg = —v' (1 o)
AEL (1 .
Ags = e (Lend+Lm1+LlEL); Ags = ];
d « drx
Ag7 = —¢ Zi (Lend+Lml+LlEL>‘ Agg = —¢€ A L+ gL

IEL
Ars = v (1 — %EL)e)l (L gL )

1 }IEL JEL(Lr
"~ pelEL
A76 = U*(l O'}EL),

endt +Li*nt +L;EL > ;

A77 = —(U (1 — O’?led)e (L:ndl-*—Lixnl-*—l‘rEL>
med gk g g
_ < Jmed o 27 <Lend+Lint+LIEL>);
Peme
d *
Ang = (0" (1 = pet)els™ o i i)

d o g
— I imed e (Lind+1‘int+LIEL>)
Pe™

med (7%
Ag7 = ,l'lmd A Lng iy +LIEL+Lmed)

Ay
Agg = ,lrzned A gt L ) (37)

Solution of the Eq. (35) can be presented as
C=4"'B (38)

Egs. (23) and (38) are the compact form of the analytical
solution for the LDL transport in the arterial wall.

4. Results and discussion

The analytical results for the LDL transport within the
arterial wall can be achieved if proper physiological prop-
erties for each porous layer are provided. In the present
study, all the parameter values are taken from Yang and
Vafai [15]. The analytical results are compared with the
numerical results presented in [15] for various physiological
conditions. The computational geometry is shown in Fig. 1
[15]. In the numerical study, the mass transport of LDL
through the lumen is coupled with the transport across

the arterial wall, which is neglected in the analytical solu-
tion for simplicity.

4.1. Comparison between the analytical and numerical results
at normal physiological conditions

The pressures at the lumen endothelium interface and
media—adventitia interface for normal physiological condi-
tions are chosen as 100 mmHg and 30 mmHg, respectively
[15]. The resulting filtration velocity for the analytical
solution is 2.28 x 107> mm/s. This is very close to the
numerical filtration velocity of 2.31 x 107> mm/s at the
mid-section longitudinally of the arterial geometry [15].
This suggests that the one-dimensional assumption for
the filtration velocity is reasonable. The comparison of spe-
cies profiles across the arterial wall between the analytical
and numerical solutions is shown in Fig. 2, based on three
different boundary conditions applied at the media—adven-
titia interface: ¢/Co =0, ¢/Cy = 0.01, and & = 0. A slight
difference is found between the analytical and numerical
solutions within the intima and IEL. This is mainly due
to the effect of transport in the axial direction, which is
neglected in the analytical model. No pronounced differ-
ence is found between the boundary conditions of ¢/
Cop=0 and a‘ = 0, from either the analytical or numerical
solutions. ThlS can be explained by the high absorption
rate of LDL in the media, which makes the species distribu-
tion insensitive to different boundary conditions. One inter-
esting aspect with respect to the species distribution is that
a gradual concentration increase is found over the intima
for both the analytical and numerical results. This is due
to the barrier effect of IEL to large macromolecules such
as LDL. All the numerical concentration results are taken
at the longitudinal midsection of the computational
geometry.

In general, the analytical solutions provide a good esti-
mation of the LDL transport across the arterial wall, as
long as only the straight circular geometry is considered.

4.2. Validation of the physiological parameters using the
analytical solution

One of the major challenges for modeling of transport
throughout an artery is the need for reliable experimental
data for physiological parameters used in the model. For
this purpose, a special effort is made for validating the
physiological parameters. This is done through bench-
marking against the experimental data of Meyer et al.
[28]. The physiological parameters are taken directly from
[15]. Yang and Vafai [15] have cited that the reaction coef-
ficient k of 3.197 x 10~* 1/s in the media is too high when
compared to the experimental data of Meyer. Therefore
two different reaction coefficients of 3.197 x 107%1/s
[7,15] and 1.4 x 107* 1/s [17,18] are examined in the pres-
ent study for comparison. The results are displayed in
Table 1. It is clear that the reaction coefficient of 1.4 x

“1/s provides a more reasonable species concentration
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Adventitia

0.1
0.09 - T
Intima IEL Media
0.08 [~ T
A 1. Numerial results:oC/on=0

o (O 2. Numerical results: C=0
'g 0.07 F + 3. Numerical results: C=0.01 _
ﬁ - - - - 4. Analytical solutions:C=0.01
g — — 5. Analytical solutions: C=0
2 006 — 6. Analytical solutions:9C/an=0 *
8
|
9 4
» 005
17}
<@
c
k<]
2 004
[%]
E abbd b & & Ao

0.03 [ $

0.02 -

0.01 [~

0
0 0.01 0.012

Radial distance from the endothelium intima interface: r (mm)

Fig. 2. Calculated species profiles across the intima, IEL and media layers.

Table 1
Summary of the values of the filtration velocity and species concentration taken from literature [16] and the present analytical model
Meyer Present Present Present Present Present Present
model model model model model model
(C=0) (C=0) (C=10"3) (C=10"%) (3C/on=0) (dC/on=0)
Reaction coefficent N/A 3197 x 107* 14 x107*  3197x107* 14x107* 3.197x107* 14x107*
(1/s)
Filtration velocity 178 x 1075 228 x 107> 228 x 107> 228 x107° 228 x107° 228x 10> 228 x107°
(mm/s)
Species concentration Lumen endothelium 1.026 1.0246 1.0246 1.0246 1.0246 1.0246 1.0246
interface
Intima TEL interface N/A 4436 x 1072 467 x 1072 4436 x 1072 4.67 x 107> 4436 x 107> 4.67 x 1072
IEL media interface 1.00x 1072 124 %1072 1.63x 1072 124 x 107> 1.63x 1072 124 %1072 1.63x 1072
Media (r=3.214mm) 250 x 107> 3443 x107° 12x107% 3459 %107 12x107° 3443x107° 12x10°3
Media-adventitia 1.00 x 1072 0.00 0.00 1.00 x 1072 1.00 x 1072 1.152 x 1077 1.2675 x 10~

interface

profile across the arterial wall when compared to 3.197 x
10~* 1/s. As such, the reaction coefficient of 1.4 x 107% 1/s
will be used in the present study.

4.3. Examining various pathological conditions

The effects of hypertension on the uptake of LDL by the
arterial wall are studied using the new analytical model
with the reaction coefficient of 1.4 x 10* 1/s applied in
the media. Four different cases, taken from [15], are stud-
ied. Case 1 is the baseline, which represents normal physi-
ological condition. Cases 2 and 3 are used to test the effect

of an increase in the transmural pressure, from 120 mmHg
to 160 mmHg, respectively. The “stretching effect” of the
pressure on the endothelium layer is studied in case 4.
The pressure-linked “‘stretching effect” is due to an increase
in the porosity of the endothelial layer associated with an
increase in the pressure. For this reason, the endothelial
LDL diffusivity is increased to 2.4 x 107 mm?/s in case
4, consistent with what Stangeby and Ethier have cited in
[5]. The three different species concentration boundary con-
ditions are applied at the media—adventitia interface. One
of the interesting effects of the hypertension on the LDL
transport is the so called “concentration polarization”,



N. Yang, K. Vafail International Journal of Heat and Mass Transfer 51 (2008) 497-505 503

45 7
@
£
E
> 4
s
©
ie]
[
>
c
o 351 + 1. Numerical results:Ap=70mmHg T
g O 2. Numerical results:Ap=120mmHg
i A 3. Numerical results:Ap=150mmHg
— 4. Analytical solution: Ap=70mmHg
3 — — 5. Analytical solution: Ap=120mmHg B
- - - -6. Analytical solution:Ap=150mmHg
1
25 / -
2 e L L
4
2 | | | | | |
0 20 40 60 80 100 120

Axial distance from the inlet: x(mm)

Fig. 3. Calculated filtration velocity profiles at the lumen endothelium interface along the axial direction.

which refers to the accumulation of LDL at the lumen
endothelium interface. Yang and Vafai [15] have reported
that concentration polarization plays a minor role in the
transport of LDL in the arterial wall, especially in the
IEL and media layers, mainly due to the barrier effect of

the endothelium. As a result, the dimensionless concentra-
tion of LDL at the endothelium intima interface is chosen
as 1.0246 for different conditions in the present study.
Fig. 3 demonstrates the effect of transmural pressure on
the filtration velocity at the lumen endothelium interface.

Note: C =0 at the media adventitia interface
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Fig. 4. Calculated species concentration across the intima, IEL and media.
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As the transmural pressure increases, the magnitude of  Yang and Vafai have mentioned in [15] that the calculated
velocity increases correspondingly. Note that the analytical ~ velocity results for every case are well within the range of
results are quite close to the numerical results for every case. experimental measurements by Tedgui and Lever [19].

Note: C=0.01 at the media adventitia interface
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Fig. 6. Calculated species concentration across the intima, IEL and media.
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The effects of hypertension on the species transport
across the arterial wall are presented in Figs. 4-6, by dem-
onstrating the species concentration profile across the
intima, IEL and media based on the three different bound-
ary conditions (¢/Cy =0, ¢/Cy = 0.01, and 2—; =0) at the
media—adventitia interface respectively. All the results are
calculated using the new analytical model. It is clear that
the species concentration in the different layers increases
dramatically from case 1 to case 4, which suggests that
the pressure-driven flow and its associated endothelial dif-
fusivity have a major effect on the transport of LDL across
the arterial wall.

5. Conclusions

An analytical solution representing LDL transport
through arteries is derived utilizing the primary transport
in the lateral direction. The analytical solutions are found
to be in good agreement with previously obtained compre-
hensive numerical results. The physiological parameters are
validated using the derived analytical model. It is found
that the reaction coefficient of 1.4 x 10* 1/s gives a much
more accurate species concentration across the wall when
compared to other reaction coefficients available in the lit-
erature. Special attention is paid to the effects of hyperten-
sion. The analytical as well as the numerical results,
indicate that the pressure-associated convective transport,
combined with the pressure-induced increase in the endo-
thelial porosity, result in more susceptibility to atheroscle-
rosis for people with hypertension.

In general, it is evident that the four-layer porous model
is a very powerful tool to model transport of LDL in the
arterial wall and in investigating the formation of athero-
sclerosis. The derived analytical model is proven to be a
reliable tool for estimating the LDL transport in a straight
circular geometry. One interesting aspect of future work is
to examine the effects of curvature on the transport of the
LDL transport in the arterial wall.
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